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Limits of Gauge Theories
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Figure 4. Tree level matching for the nnn̄n̄ Glauber operators. In a) we show the four full QCD graphs

with t-channel singularities. In b) we show the corresponding Glauber operators for the four operators in

SCET with two equivalent notations. The notation with the dotted line emphasizes the factorized nature

of the n and n̄ sectors in the SCET Glauber operators, which have a 1/P2
? between them.

These constraints are what ensure the diagrams give forward scattering. To leading power the

large Mandelstam invariant is s = n · p1 n̄ · p2 = n · p4 n̄ · p3 and we have the hierarchy s ⇠ �0 �
|t| ⇠ �2. For simplicity we often work in a frame where

p?1 = �p?4 = q?/2 , p?3 = �p?2 = q?/2 . (5.7)

Thus for these tree level 2–2 scattering graphs the Mandelstam invariant t = q2
? = �~q 2

? < 0.

For this matching calculation there are four relevant QCD tree graphs, shown in Fig. 4a.

They will result in four di↵erent Glauber operators, whose Feynman diagrams for this matching

are represented by Fig. 4b. For simplicity, here we take ?-polarization for the external gluon

fields (leaving the calculation with the full set of polarizations to Sec. 5.1.3). Expanding in � the

results for the top row of diagrams at leading order is
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In writing these results we have written out the collinear quark spinors but left o↵ the collinear

gluon polarization vectors "µ2A2
n (p2) etc, for simplicity. We use color index Ai for the external
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FIG. 1. Illustration of the channels s345 and s234 for 3 ! 3
kinematics. The discontinuity in one channel should not know
about the discontinuity in the other channel.

sheet on which the amplitude is analytic in the positive
octant u, v, w > 0. This constraint is included in the
definition of hexagon functions. It implies a “first-entry”
condition [13]: discontinuities associated with the letters
(1�u) = 0 or yu = 0 are not visible in the canonical Rie-
mann sheet; however, they can be exposed after analytic
continuation. The physical interpretation of the restric-
tion (2) is that, even after analytic continuation along an
arbitrary complex path, the only possible branch points
remain those characterized by S.

The focus of this Letter is the Steinmann relations,
which state that an amplitude A can have no double dis-
continuities in overlapping channels [7]. Using the corre-
spondence between discontinuities and cut diagrams via
the Cutkosky rules [14], overlapping channels correspond
to cut lines that intersect. Thus for example the channels
s345 and s234 overlap, which leads, schematically, to:

Steinmann relation: Discs345 (Discs234A) = 0, (4)

illustrated in figure 1.
We focus on three-particle invariants sijk because these

can change sign along fairly generic codimension-1 sur-
faces in the space of external momenta. The relation
can therefore be probed with real external momenta. (In
contrast, massless thresholds in two-particle invariants
sij occur at phase space boundaries where other invari-
ants may change sign; it is unclear to the authors how
to extract putative constraints from these thresholds be-
yond the Regge limit [15].) For functions of the cross-
ratios u, v, w, the discontinuity with respect to s234 can
be computed by rotating v, w by a common phase, as
follows from eq. (1). The general Steinmann relation (4)
thus implies — for the special case of dual-conformally
invariant functions — that the following combination is
analytic in a neighborhood of r = 1:

0 = Discr=1
⇥
A(ru, vei⇡, rei⇡) � A(ru, ve�i⇡, re�i⇡)

⇤
,

(5)

where u, v > 0 (and r > 0 before taking the discon-
tinuity). The reason why r = 1 appears is that the
three-particle invariants appear in the denominators of
eq. (1).

Focusing on the region where all three cross-ratios are
large and combining this condition with its permutations,

we obtain an equivalent but more practical statement:
the amplitude must be expressible as a sum of terms with
singularities in only one three-particle channel:

A =
X

k

h
au

k logk
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⌘
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k logk
⇣ w

uv

⌘i
,

(6)
with the au,v,w

k analytic around u = v = w = 1.

THE STEINMANN BASIS TO WEIGHT 4

A complete basis of 88 hexagon functions at transcen-
dental weight 4 was originally constructed in ref. [16].
The Steinmann relations imply that only a subspace is
physically relevant, a subspace su�ciently small that it
can be described in this Letter. We begin with weight
1, where the first entry condition allows only elementary
logarithms: log u, log v, log w. To build the higher weight
basis, we use the fact that all derivatives of a Steinmann
function also obey the Steinmann relations.

The derivative of a weight-k hexagon function F has
the form [17]

dF =

9X

i=1

F i d ln Si , (7)

where F i are weight-(k�1) hexagon functions and Si 2 S
in eq. (2). We thus make an ansatz (7) for the deriva-
tives of F where the F i are Steinmann functions. For
the ansatz to represent a function, the partial deriva-
tives must commute (“integrability condition”). Once
this condition is solved, the analyticity and Steinmann
properties simplify dramatically. It su�ces to impose
the following constraints, which serve only to fix a few
coe�cients of zeta-values of weight (k�1) and (k�2):

• F 1�u, F yv and F yw must vanish at (u, v, w) =
(1, 0, 0) [2, 17].

• The s234-discontinuity of Fu + F 1�u + Fw + F 1�w

must vanish at (u, v, w) = (+1, 0,�1).

Cyclic rotations of these conditions are implied. The first
condition enforces the absence of unwanted discontinu-
ities [13] at function level; the second condition does the
same for the Steinmann condition (5).

Following this procedure, at weight 2 we find 7 ele-
ments: the constant ⇣2 and two cyclic orbits containing

Ku
1,1 ⌘ Li2(1�1/u), Lu

2 ⌘ 1
2

⇥
log2(u) + log2(v/w)

⇤
.

(8)

The naming convention will be explained shortly. Al-
ready, the Steinmann relations’ impact is noticeable:
without it there would be three additional functions,
log2 u, log2 v and log2 w, which do not satisfy eq. (6).

z

1

y

2

3

4
5

6

−  y1

−  x1

x

Figure 2: Self-crossing configuration of a hexagonal Wilson loop, regulated by a small space-like
vector z⃗.

ing amplitude, in which the gluons have the (all-outgoing) helicity configuration (−−++++),
or any permutation thereof. The self-crossing configuration depends on one singular parameter,
δ ≪ 1. This parameter is invariant under the dual conformal symmetry possessed by Wilson
loops in planar N = 4 SYM. It serves as a proxy for the vanishing subset transverse momentum.
In fig. 2, we regulate the self-crossing singularity by a small space-like separation vector z⃗ [30, 31].
We will see that the magnitude of the separation, z⃗2, is proportional to δ.

The self-crossing configuration depends as well on one generic, nonsingular parameter we call
v. In this paper we will determine how the singular (ln δ containing) terms in this Wilson loop
(amplitude) depend on v to all loop orders. We will present the full logarithmic dependence on
δ through seven loops, and at eight and nine loops up to a couple of constants. We’ll also give
the full v dependence of the nonsingular terms through five loops, neglecting terms suppressed
by powers of δ.

We will show that the transcendental functions entering the other six-point helicity configu-
ration in N = 4 SYM, called non-MHV (NMHV), are actually nonsingular through four loops!
This result is related to an argument of Gaunt and Stirling for one-loop QED amplitudes [7].

In order to provide explicit MHV results to such a high loop order, we will make use of
the factorized singularity structure of Wilson loops that are close to crossing [32], in particular
the analysis and evolution equation studied by Korchemskaya and Korchemsky [30, 31]. As one
approaches the singularity, the hexagonal Wilson loop mixes with another configuration, which
features two disconnected squares corresponding to the two 2 → 2 subprocesses. At large Nc, the
mixing of the two-square configuration back into the hexagon is suppressed, and the expectation
value of the two-square Wilson loop is dictated by dual conformal invariance. This leads to an
exact prediction for how the singular terms in the hexagonal Wilson loop depend on the unique
nonsingular kinematic variable, v.

Knowing the full dependence on v for the singular terms, we can evaluate them by choosing
v to be anything we like. We make use of the fact that as v → 0, the self-crossing limit overlaps
with the limit of multi-Regge kinematics (MRK), which has been studied extensively in planar

5

Collinear Soft Regge

Self CrossingFactorization

· · ·

• Gauge theories simplify sufficiently in kinematic limits that they can
often be understood to all orders in αs :

• Many of these correspond to limits of physical interest at the LHC!
Jet substructure, event shapes, threshold, qT , BFKL....

• Remarkable continued progress in better understanding this simplicity
and in phenomenological applications at colliders.
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Outline

• Precision Hadronic Event Shapes:
From Drell-Yan to Dijets at NNNLL

• Towards Simplicity in Jet Substructure:
Higher Loops and Higher Points

• Extending Resummation Beyond Leading Power

A
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Precision Hadronic Event Shapes:

From Drell-Yan to Dijets

A

[Gao, Li, IM, Zhu]
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Hadronic Event Shapes

• One of the most basic objects of study in QCD are event shapes.

• Well understood in e+e−, with results to N3LL +NNLO.

• Hadron colliders offer a much richer environment:
• Non-trivial color flows.
• Factorization violation.

• Progress with colored final states beyond NLL difficult due to the very
complicated soft dynamics of multiple colored directions.
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FIG. 13: Thrust distribution at N3LL′ order and Q = mZ

including QED and mb corrections using the best fit values
for αs(mZ) and Ω1 in the R-gap scheme given in Eq. (68). The
pink band represents the perturbative error determined from
the scan method described in Sec. VI. Data from DELPHI,
ALEPH, OPAL, L3, and SLD are also shown.

αs(mZ) is ±0.0009 compared to ±0.0021 with Ω̄1 in the
MS scheme. Also at NNLL′ and N3LL we see that the
removal of the O(ΛQCD) renormalon leads to a reduction
of the theoretical uncertainties by about a factor of two
in comparison to the results with Ω̄1 in the MS scheme
without renormalon subtraction. The proper treatment
of the renormalon subtraction is thus a substantial part
of a high-precision analysis for Ω1 as well as for αs.

It is instructive to analyze the minimal χ2 values for
the best fit points shown in Fig. 11. In Fig. 12 the dis-
tributions of the best fits in the αs-χ

2
min/dof plane are

shown using the color scheme of Fig. 11. Figure 12a dis-
plays the results in R-gap scheme, and Fig. 12b the ones
in the MS scheme. For both schemes we find that the
χ2

min values and the size of the covered area in the αs-
χ2

min/dof plane systematically decrease with increasing
order. While the analysis in the MS scheme for Ω̄1 leads
to χ2

min/dof values around unity and thus an adequate
description of the entire global data set at N3LL′ order,
we see that accounting for the renormalon subtraction in
the R-gap scheme leads to a substantially improved the-
oretical description having χ2

min/dof values below unity
already at NNLL′ and N3LL orders, with the N3LL′ or-
der result slightly lower at χ2

min/dof ≃ 0.91. This demon-
strates the excellent description of the experimental data
contained in our global data set. It also validates the
smaller theoretical uncertainties we obtain for αs and Ω1

at N3LL′ order in the R-gap scheme.

As an illustration of the accuracy of the fit, in Fig. 13
we show the theory thrust distributions at Q = mZ for
the full N3LL′ order with the R-gap scheme for Ω1, for
the default theory parameters and the corresponding best
fit values shown in bold in Tabs. IV and V. The pink

Band Band Our scan
method 1 method 2 method

N3LL′ with ΩRgap
1 0.0004 0.0008 0.0009

N3LL′ with Ω̄MS
1 0.0016 0.0019 0.0021

N3LL′ without Smod
τ 0.0018 0.0021 0.0034

O(α3
s) fixed-order 0.0018 0.0026 0.0046

TABLE VI: Theoretical uncertainties for αs(mZ) obtained at
N3LL′ order from two versions of the error band method, and
from our theory scan method. The uncertainties in the R-gap
scheme (first line) include renormalon subtractions, while the
ones in the MS scheme (second line) do not and are therefore
larger. The same uncertainties are obtained in the analysis
without nonperturbative function (third line). Larger uncer-
tainties are obtained from a pure O(α3

s) fixed-order analysis
(lowest line). Our theory scan method is more conservative
than the error band method.

band displays the theoretical uncertainty from the scan
method. The fit result is shown in comparison with data
from DELPHI, ALEPH, OPAL, L3, and SLD, and agrees
very well. (Note that the theory values displayed are
actually binned according to the ALEPH data set and
then joined by a smooth interpolation.)

Band Method

It is useful to compare our scan method to determine the
perturbative errors with the error band method [26] that
was employed in the analyses of Refs. [20, 22, 25]. In the
error band method first each theory parameter is varied
separately in the respective ranges specified in Tab. III
while the rest are kept fixed at their default values. The
resulting envelope of all these separate variations with
the fit parameters αs(mZ) and Ω1 held at their best fit
values determines the error bands for the thrust distri-
bution at the different Q values. Then, the perturbative
error is determined by varying αs(mZ) keeping all the-
ory parameters to their default values and the value of
the moment Ω1 to its best fit value. The resulting per-
turbative errors of αs(mZ) for our full N3LL′ analysis in
the R-gap scheme are given in the first line of Tab. VI.
In the second line the corresponding errors for αs(mZ)
in the MS scheme for Ω̄1 are displayed. The left column
gives the error when the band method is applied such
that the αs(mZ) variation leads to curves strictly inside
the error bands for all Q values. For this method it turns
out that the band for the highest Q value is the most
restrictive and sets the size of the error. The resulting
error for the N3LL′ analysis in the R-gap scheme is more
than a factor of two smaller than the error obtained from
our theory scan method, which is shown in the right col-
umn. Since the high Q data has a much lower statistical
weight than the data from Q = mZ , we do not consider
this method to be sufficiently conservative and conclude
that it should not be used. The middle column gives the
perturbative error when the band method is applied such
that the αs(mZ) variation minimizes a χ2 function which

[Abbate, Fickinger, Hoang, Mateu, Stewart]

Thrust at N3LL +NNLO
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A Success Story: qT

• In the last several years, qT for color singlet production was computed
to N3LL +NNLO.

23

New N3LL+NNLO result 4

FIG. 2. Comparison of full fixed-order spectrum, the singu-
lar distribution, and the non-singular distribution through to
NNLO. Here d�n/dpT ⇠ O(pT ).

and antiquarks of all light flavours). We point out that185

the (numerically subdominant) qq channel turns out to186

be the numerically most challenging, since contributions187

from valence-valence scattering favor events with higher188

parton-parton center-of-mass energy than in any of the189

other channels. The excellent agreement between fixed-190

order perturbation theory and SCET-predictions for the191

singular terms serves as a very strong mutual cross check192

of both approaches. It demonstrates that our calculation193

of the non-singular terms is reliable over a broad range in194

pT , thereby enabling a consistent matching of the NNLO195

and N3LL predictions.196197

Matching and results.— For a reliable description of
the transverse-momentum spectrum, the resummation of
large logarithms in d�s/dp2

T has to be turned o↵ at large
pT . This can be seen clearly from Fig. 2, which depicts
the full fixed-order spectrum, the singular distribution
only, and the non-singular distribution, all through to
NNLO. At pT ⌧ 50 GeV, the singular distribution dom-
inates the fixed-order cross section, and the resummation
of higher order logarithms is necessary. Around 50 GeV,
the singular and non-singular distribution become com-
parable, and resummation has to be turned o↵. There
are several di↵erent prescriptions on how to turn o↵ the
resummation [11, 15, 22, 64–68]. In this letter, we fol-
low Ref. [15] by introducing b and pT dependent profile
functions, defining

⇢(b, pT ) = ⇢l

h
1 � tanh

⇣
4s
⇣pT

t
� 1
⌘⌘i

+ ⇢r

h
1 + tanh

⇣
4s
⇣pT

t
� 1
⌘⌘i

, (12)

where ⇢(b, pT ) is used for µs = µs(b, pT ) = µB , ⌫s =198

⌫s(b, pT ), and µh = µh(pT ), which appear in Eq. (3).199

⇢l is the initial scale for each profile, taken to be the200

canonical scales in Eq. (7) so that at small pT the large201
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FIG. 3. The Higgs-boson transverse momentum distribution
matched between FO and SCET. Dashed lines indicate cen-
tral scales of mH/2 and matching profile centered at 30 GeV.
The theoretical uncertainties are estimated by taking the en-
velope of all scale and profile variations (see text). Ratio
plots in the lower panel presents the scale and profile varia-
tion with respect to the central result for NLO+NNLL (green
dash line).

logarithms are resummed. ⇢r is the final scale for each202

profile, which is chosen to be µh = µB = µs = µF = µR,203

while for ⌫s it is mH . The parameters s and t govern204

the rate of transition between the fixed order result and205

the resummation, and also the precise transverse momen-206

tum t where this transition occurs. In our calculation, we207

choose s = 1, and t = 20, 25, 30, 35, 40 GeV to estimate208

the uncertainties from di↵erent profiles. The uncertain-209

ties for the final resummed + fixed-order prediction are210

estimated by factor of 2 variations of i) ⇢r for µh about211

mH and 2µF = 2µR about mH (varied simultaneously),212

and ii) the two ⇢ls for µB = µs and ⌫s about b0/b (var-213

ied independently). We always fix ⌫B = mH . We take214

the envelope of the resulting 55 curves as the uncertainty215

band at each order. Further uncertainties in our cal-216

culation include the missing four-loop cusp anomalous217

dimension and the treatment of non-perturbative correc-218

tions at large b. They are estimated to be negligible219

compared with the aforementioned scale uncertainties.220

Additional independent uncertainties related to the par-221

ton distributions and value of ↵s(mZ) should be included222

for a detailed phenomenological study.223

The final matched transverse momentum spectrum is224

shown in Fig. 3. We plot the distributions at LO+NLL,225

NLO+NNLL, and NNLO+N3LL. We also plot the un-226

matched NNLO distribution. At small transverse mo-227

mentum, the fixed order distribution displays unphysical228

behavior, due to the presence of large logarithms. We see229

that the matched distribution smoothly merges into the230

fixed order cross-section around 40 GeV, and that the231

Chen, Gehrmann, Glover, Huss,
Li, Neill, Schulze, IS, Zhu (1805.00736) 

• Can we extend this success from qT to dijet event shapes?

• Key is in choosing a “nice” dijet event shape!

O

|~b?|

ib0
⌫

t

z

1

Higgs qT Distribution qT Soft Function

[Li, Neill, Zhu]

[Chen, Gehrmann, Glover, Huss, Li, Neill, Schulze, Stewart, Zhu]
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Choosing the Right Observable

• While many event shape observables have been proposed at hadron
colliders, these typically suffer from two features that prevent their
use as precision observables:

• Large underlying event sensitivity
(factorization violation)

• Complicated observable definitions
for multiple soft emission
(e.g. |ET |, N-jettiness, ...)
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Fig. 12: The beam thrust distribution TCM.

ATLAS. Comparing the predictions of Geneva+Pythia8

with the data allows to test the MPI model more di-

rectly than is possible for other UE-sensitive observ-

ables. The good agreement with the data indicates that

the MPI model in the MonashStar tune we use as our

default describes the physics reasonably well.
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• Would like to overcome this to have precision event shapes at the
LHC.
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Simplifying Dijet Event Shapes

• Consider the Transverse Energy-Energy Correlator (TEEC)

dσ

d cosφ
=
∑

a,b

∫
dσpp→a+b+X

2ET ,aET ,b

|∑i ET ,i |2
δ(cosφab − cosφ)

A

• In the τ ≡ sin2((π − φ)/2)→ 0 limit, it is a dijet observable.

• Will show that the TEEC exhibits a remarkable perturbative
simplicity, and is quite insensitive to UE.

[Basham, Brown, Ellis, Love]
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Kinematics

• In the τ → 0 limit, τ is related to the momentum perpendicular to
the plane in which the Born dijets lie.

• Particles out of the plane generated by soft emissions recoiling the
plane, or collinear splittings.

A

• The TEEC is the natural generalization of qT to dijets: recoiling
vector → recoiling plane.
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Factorizaton Formula

• Factorization for the TEEC in the back-to-back limit:

dσ(0)

dτ
=

1

16πs2(1 + δf3f4 )
√
τ

∑

channels

1

Ninit

∫
dy3dy4pTdp

2
T

ξ1ξ2

∫ ∞

−∞

db

2π
e−2ib

√
τpT

tr
[
Hf1f2→f3f4 (pT , y

∗, µ)S(b, y∗, µ, ν)
]
· Bf1/N1

(b, ξ1, µ, ν)Bf2/N2
(b, ξ2, µ, ν)Jf3 (b, µ, ν) Jf4 (b, µ, ν)

• Combines a wealth of interesting functions
• H: 2→ 2 Hard Functions (NNLO)
• B: TMD PDFs (NNLO)
• J: (Moment of ) TMD fragmentation function (NNLO)
• S: New TEEC Soft Function (NNLO)

• And their anomalous dimensions
• Soft Anomalous Dimension (3-loops)
• Rapidity Anomalous Dimension (3-loops)
• Collinear Anomalous Dimensions (3-loops)
• Cusp Anomalous Dimension (4-loops)

• Remarkable example of factorization (in both physics and sheer work)!

[Anastasiou, Bern, De Freitas, Dixon, Glover, ...]

[Catani, Echevarria, Gehrmann, Grazzini, Lubbert, Scimemi, Vladimirov, ..]

[Echevarria, Scimemi, Vladimirov, ..]

[Gao, Li, Moult, Zhu]

[Almelid, Gardi, Duhr]

[Li, Neill, Zhu]

[Moch, Vermaseren, Vogt, ...]

[Korchemsky, ..., Henn, ..., Moch, Vermaseren, Vogt, ...]

A
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Soft Function

• Simplicity lies in the TEEC Soft Function

S(b, y∗) = 〈0|T [On1n2n3n4(0µ)]T [O†n1n2n3n4
(bµ)]|0〉

• Expanding perturbatively as S =
∑

(αs/4π)nS(n)

S(1)(y∗, Lb, Lν) = −
∑
i<j

(Ti · Tj)S
(1)
⊥

(
Lb, Lν + ln

ni · nj
2

)
,

S(2)(y∗, Lb, Lν) = −
∑
i<j

(Ti · Tj)S
(2)
⊥

(
Lb, Lν + ln

ni · nj
2

)
+

1

2!

(
S(1)(y∗, Lb, Lν)

)2

bŷ

x

z

1

• Remarkably, S
(i)
⊥ is the i loop Color Singlet qT soft function!!

• Dipole structure preserved at level of cross section.

• First analytic 2-loop dijet soft function.

• Simplicity arises from the fact that the measurement is perpendicular
to the plane of the Wilson lines =⇒ The uniquely simple dijet soft
function.
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Verification of Singular Behavior

• Factorization formula correctly predicts singular behavior of NLO
pp → 3 jet cross section in all partonic channels.
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Singular Behavior Compared with NLOJet++

dσ(0)

dτ
=

1

16πs2(1 + δf3 f4 )
√
τ

∑
channels

1

Ninit

∫
dy3dy4pT dp2

T

ξ1ξ2

∫ ∞
−∞

db

2π
e−2ib

√
τpT

tr
[
Hf1 f2→f3 f4 (pT , y

∗
, µ)S(b, y∗, µ, ν)

]
· Bf1/N1

(b, ξ1, µ, ν) Bf2/N2
(b, ξ2, µ, ν)Jf3 (b, µ, ν) Jf4 (b, µ, ν)

• Analytic control of IR logarithms for NLO pp → 3 jets.
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NLO+NNLL Resummation

• First dijet event shape at NNLL:
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• Resummation has a large effect.

• To improve perturbative behavior, important to go to NNNLL.
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NNNLL Resummation
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• At NNNLL we encounter for the first time in a physical observable a
quadrupole color correlation.

• First (preliminary) results at NNNLL:

• Must be matched to NNLO 2→ 3 amplitudes.

• e+e− level theoretical precision for hadron collider event shapes!

See Talks by Abreu, Badger
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FIG. 1: Representative 3-loop connected webs contributing to the soft anomalous dimension with 4 coloured lines.

state and �ij = 0 otherwise; Ti are colour generators
in the representation of parton i, acting on the colour in-
dices of the amplitude as described in Ref. [11]; b�K(↵s)
is the universal cusp anomalous dimension [7, 46, 47],
with the quadratic Casimir of the appropriate represen-
tation scaled out (Casimir scaling of the cusp anomalous
dimension holds through three loops [46]; it may be bro-
ken by quartic Casimirs starting at four loops); �Ji

are
the anomalous dimensions of the fields associated with
external particles, which govern hard collinear singular-
ities, currently known up to three loops [28, 48]. Equa-
tion (4) is known as the dipole formula, and captures the
entirety of the soft anomalous dimension matrix up to
two loops. According to the non-Abelian exponentiation
theorem [44] the colour factors in �n must all correspond
to connected graphs as shown in Fig. 1. Tripole cor-
rections correlating three partons, with colour factors of
the form ifabcTa

i T
b
jT

c
k, which could appear starting from

two loops, are not present in the soft anomalous dimen-
sion at any order because the corresponding kinematic
dependence on the three momenta is bound to violate
the rescaling symmetry constraints [18–20]. While a con-
stant correction proportional to ifabcTa

i T
b
jT

c
k is excluded

by Bose symmetry, kinematic-independent corrections in-
volving three lines of the form fabef cde

�
Ta

i ,Td
i

 
Tb

jT
c
k

(last two diagrams in Fig. 1) are admissible and we will
see that they do indeed appear. The first admissible
corrections involving kinematic dependence in Eq. (3)
are then quadrupoles, because four momenta can form
conformally-invariant cross ratios,

⇢ijkl ⌘
(�sij)(�skl)

(�sik)(�sjl)
, (5)

which are invariant under a rescaling of any of the mo-
menta. Since diagrams with four colour generators con-
tribute for the first time at three loops, this is the first
order at which contributions to �n in Eq. (3) may ap-
pear,

�n ({⇢ijkl}) =
1X

`=3

⇣↵s

4⇡

⌘`

�(`)
n ({⇢ijkl}) . (6)

Three-loop graphs can connect at most four lines, and
so the general form of the three-loop correction is com-
pletely determined by the four-parton case and can be

written as

�(3)
n ({⇢ijkl}) = 16 fabefcde

n
(7)

X

1i<j<k<ln

h
Ta

i T
b
jT

c
kT

d
l F(⇢ikjl, ⇢iljk)

+ Ta
i T

b
kT

c
jT

d
l F(⇢ijkl, ⇢ilkj)

+ Ta
i T

b
lT

c
jT

d
k F(⇢ijlk, ⇢iklj)

i

� C

nX

i=1

X

1j<kn
j,k 6=i

�
Ta

i ,Td
i

 
Tb

jT
c
k

o
,

where C is a constant and F is a function of two
conformally-invariant cross ratios. Both C and F are
independent of the colour degrees of freedom. Moreover,
Eq. (7) is the most general three-loop ansatz consistent
with Bose and rescaling symmetry, so C and F are inde-
pendent of the number of legs n. Note that the terms in
this sum are not all independent, because of the antisym-
metry of the structure constants and the Jacobi identity.

�
(3)
n is independent of the details of the underlying the-

ory and completely determined by soft gluon interactions.

In particular, this implies that �
(3)
n is the same in QCD

and in N = 4 Super Yang-Mills, and it is therefore ex-
pected to be a pure polylogarithmic function of weight
five. Its functional form has been constrained by consid-
ering collinear limits and the Regge limit [18–26], but
it has so far remained unclear whether three-loop correc-
tions to the dipole formula are present. The purpose of

the present paper is to compute �
(3)
n . We will present

its complete functional form, hence determining soft sin-
gularities of any massless multi-leg amplitude at three

loops. Since C and F can be extracted from �
(3)
4 , we

restrict our computation to the case n = 4. Before pre-
senting the final result, we give a brief summary of the
computation. A complete account of the computation
will be presented in a forthcoming publication [49].

We set up the calculation of the soft anomalous dimen-
sion through the renormalization of a product of semi-
infinite Wilson lines with four-velocities �k, with �2

k 6= 0.
By considering non-lighlike lines we avoid collinear sin-
gularities, and obtain kinematic dependence via cusp an-

gles �ij ⌘ 2�i ·�j/
q
�2

i �
2
j . We eventually extract �

(3)
n for

[Almelid, Duhr, Gardi]
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Underlying Event

• Relation to qT saves the TEEC in another way: Underlying Event
does not systematically recoil the plane =⇒ effects minimal

• Other hadronic event shapes often have O(1) factorization violation.

• UE for TEEC well modeled by adding a uniform energy distribution.

• Can one rigorously prove that this is a power correction (or 1/Nc

suppressed, or perturbative, or ....)?
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Fig. 12: The beam thrust distribution TCM.

ATLAS. Comparing the predictions of Geneva+Pythia8

with the data allows to test the MPI model more di-

rectly than is possible for other UE-sensitive observ-

ables. The good agreement with the data indicates that

the MPI model in the MonashStar tune we use as our

default describes the physics reasonably well.
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Glaubers and Factorization Violation

• With colored final states, naive picture of factorization is (generically)
violated.

• We have now concretely hit a perturbative accuracy where this must
be understood. Factorization formula will explicitly fail.

• Factorization violation can be incorporated using Glauber operators.

[Rothstein, Stewart]

[Collins, Catani, Forshaw, ...]

• This is an opportunity: The remarkable simplicity of the TEEC
provides a playground to concretely address these issues, and the
observed insensitivity to UE provides hope that they can be
incorporated.

a) b) c) d)

n

n

n

n

n

n

n

n

n
n

n

n

n

n

n

n

n n

Figure 36. One-loop graphs with Active-Spectator interactions related to the Glauber-Collinear overlap

for the hard annihilation Drell-Yan correlator in Eq. (11.4). a) and c) involve Glauber exchange, while b)

and d) are the corresponding graphs with Wilson line interactions involving a collinear gluon.

where S� is given in Eq. (11.7) and a single Glauber exchange yields 2G0(k?), where G0 is given

by Eq. (9.26), and for the qq channel relevant here is equal to

G0(k?) =
�ig2

~k 2
? + m2

TA ⌦ TA . (11.16)

The other k? dependent factors �1, �
0
1, �̄1 are given above in Eq. (11.11). Performing the k0

integration by contours gives

Fig.36a = �2i S�
n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z
d�kzd�d0k?

G0(k?)|2kz|�⌘⌫⌘
[2kz��0

1��̄1+i0][��1��0
1+i0]

=
1

2
S�

n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z
d�d0k?

G0(k?)

�1 + �0
1

=
1

2
S�

n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

n̄·p1 n̄·(P�p1)

n̄·P

Z
d�d0k?

G0(k?)

(~k? + ~p1?)2

=
1

2
S�
Z

d�d0k? G0(k?)E(p1? + k?, p2?) , (11.17)

where d0 = d� 2. To obtain the second line, the kz integral was performed using Eq. (B.4). The

final result here is written in terms of the end function defined in Eq. (11.6).

Now consider the collinear loop graph in Fig. 36b. Here the gluon entering the hard vertex

has momentum k and is generated by the Wilson line Wn[n̄ · An] from the current in Eq. (10.1).

We take it to be Wn(�1, 0) since in this case it is generated in the QCD to SCETII matching

calculation from integrating out o↵shell propagators along the incoming quark line plus non-

abelian graphs. We have

C̃n(Fig.36b) = S�
n·(P̄�p2)

(P̄�p2)2

Z
d�dk

(2ig2CF )

(k2�m2+i0)

n̄ · (k�P +p1) n̄ · (k+p1) |n̄ · k|�⌘⌫⌘
[k� + i0][(k�P +p1)2 + i0][(k+p1)2 + i0]

.

(11.18)

From Eq. (5.50) this collinear loop graph potentially has both soft and Glauber subtractions. For

the soft subtraction we find that the soft limit kµ ⇠ � of Eq. (11.18) gives

C(S)
n (Fig.36b) = S�

n·(P̄�p2)

(P̄�p2)2

Z
d�dk

(2ig2CF )

(k2�m2+i0)

(�1)|n̄ · k|�⌘⌫⌘
[k� + i0][�k+ + i0][k+ + i0]

, (11.19)
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Glaubers and Factorization Violation

• The TEEC can be defined for three distinct final states
• Dijets (factorization violated)
• Z/W /γ + Jet (factorization violated?)
• Drell-Yan (Z → ll) (factorization proven)

• All three now available at N3LL.

• Allows for precise probe of color flows and factorization violation in a
hadron collider environment!

• Hopefully we can learn general lessons about factorization and its
violation.

A
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Towards Simplicity in Jet Substructure:

Higher Loops and Higher Points

[Dixon, IM, Zhu]
[Chen, Dixon, Luo, IM, Yang, Zhang, Zhu]
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Jet Substructure
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Figure 4: The particular dense networks used here to parametrize (a) the per-particle

mapping � and (b) the function F , shown for the case of a latent space of dimension ` =

8. For the EFN, the latent observable is Oa =
P

i zi �a(yi, �i). For the PFN family, the

latent observable is Oa =
P

i �a(yi, �i, zi, pidi), with di↵erent levels of particle-ID (PID)

information. The output of F is a softmaxed signal (S) versus background (B) discriminant.

3.2 Network architecture

So far, there has not yet been any machine learning in our e↵ort to apply the decompositions in

Eqs. (1.1) and (1.2) to collider data. The machine learning enters by choosing to approximate

the functions � and F with neural networks.9 Neural networks are a natural choice to use

because su�ciently large neural networks can approximate any well-behaved function.

To parametrize the functions � and F in a su�ciently general way, we use several dense

neural network layers as universal approximators, as shown in Fig. 4. For �, we employ three

dense layers with 100, 100, and ` nodes, respectively, where ` is the latent dimension that

will be varied in powers of 2 up to 256. For F , we use three dense layers, each with 100

nodes. We confirmed that several network architectures with more or fewer layers and nodes

achieved similar performance. Each dense layer uses the ReLU activation function [108] and

He-uniform parameter initialization [109]. A two-unit layer with a softmax activation function

is used as the output layer of the classifier. See App. A for additional details regarding the

implementations of the EFN, PFN, and other networks. The EnergyFlow Python package [91]

contains implementations and examples of EFN and PFN architectures.

9Ref. [63] describes two types of architectures in the Deep Sets framework, termed invariant and equivariant.

Equivariance corresponds to producing per-particle outputs that respect permutation symmetry. For this

paper, our interest is in the invariant case, but we leave for future work an exploration of the potential particle

physics applications of an equivariant architecture.

– 14 –

• Jet Substructure has emerged as a primary way to look for new
physics, and probe QCD at the LHC.

• Basic goal of jet substructure is to understand the seemingly
complicated correlations in energy flow in a QCD jet.
• Can we draw inspiration from Conformal Field Theory (CFTs) to find

simplicity ?

See Jesse Thaler’s Talk
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Back to Basics: Correlation Functions

• The natural observables in a (C)FT are correlation functions. e.g.
Four point correlator.

〈φ(x1)φ(x2)φ(x3)φ(x4)〉 =
g(u, v)

x
2γφ
12 x

2γφ
34

• In a scattering experiment, these operators are placed at infinity, and
integrated over time. Primarily measure energy:

E(~n) =

∞∫

0

dt lim
r→∞

r2niT0i (t, r~n)

e+

e−

χO

• The simplest observables are the correlation functions themselves:
〈OE(~n1)E(~n2) · · · E(~nN)O†〉

Note: xγ = 1 + γ log x + 1
2γ

2 log2 x + · · ·
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Energy Correlators

e+

e−

χO

A

• The simplest observable is the two-point correlator: Energy-Energy
Correlator. It can be written in a more familiar way as

dσ

dz
=
∑

i ,j

∫
dσ

EiEj

Q2
δ

(
z − 1− cosχij

2

)

• Naturally generalizes to hadron colliders, and to multi-point
correlators.

• In the collinear limit, it is a jet substructure observable, with very
interesting properties.

[Basham, Brown, Ellis, Love]
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Energy Correlators on Youtube

• The EEC has its own Youtube Video by Lance Dixon:
https://www.youtube.com/watch?v=WVC1ygsjZNc
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Energy Correlators in a Conformal Field Theory

dσ

dz dShape
= CShape(z = 1, αs) zγN+1(αs)−1

• Consider an N-point Energy-Energy Correlator in a conformal field
theory. Let z denote the largest angle:

• The differential cross section is given by

• CShape(z = 1, αs) is a (potentially complicated) function describing
the shape dependence for a “unit shape”.

• γN+1(αs) is the twist-two spin N + 1 spacelike anomalous dimension
(known at 3 (and for some N, 4) loops in QCD). [Hofman, Maldacena]

[See also: Korchemsky; Kologlu, Kravchuk, Simmons Duffin, Zhiboedov]
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Energy Correlators in QCD

Fixed by kinematics and 
dimension analysis

All-order factorization for z→0

• Cumulant ⌦(z, ln
Q2

µ2
, µ) =

Z z

0

dz0 ⌃(z0, ln
Q2

µ2
, µ)

⌦(z, ln
Q2

µ2
, µ) =

Z 1

0

dx x2 ~JT (ln
zx2Q2

µ2
, µ) · ~H(x, ln

Q2

µ2
, µ)

• Both jet and hard function are vector in flavor space


• Hq (Hg) : probability of finding a quark (gluon) with 
momentum fraction x


• Jq (Jg) : probability of finding two parton with 
momentum fraction y1, y2 and relative transverse 
momentum qT in quark (gluon) initiated jet, 
weighted by y1*y2

Full interference 
effects retained in H 

and J, separately

z =
q2
T

x2Q2

7

• We can derive a factorization formula for the N-point correlator in
QCD:

Σ(z , ln
Q2

µ2
, µ) =

∫ 1

0
dx xN ~J(ln

zxNQ2

µ2
, µ) · ~H(x ,

Q2

µ2
, µ)

d ~J(ln zQ2

µ2 , µ)

d lnµ2
=

∫ 1

0
dy yN ~J(ln

zyNQ2

µ2
, µ) · P̂T (y , µ)

• The jet function satisfies the
renormalization group equation:

• At LL, have exact correspondence with CFT result (up to running
coupling):~JTLL = (Jq, Jg ) exp

(
γ(N + 1)

2β0
ln
αs(z1/NQ)

αs(Q)

)

• In a non-CFT, beyond LL, derivatives γ′(N + 1), γ′′(N + 1), .... also
enter.
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The Two Point Correlator

[Dixon, IM, Zhu]
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To NNLL in One Slide

• To achieve NNLL (single log counting), one needs all anomalous
dimensions at 3 loops, constants at two-loops:
• Anomalous dimensions can be extracted from [Mitov, Moch, Vermaseren, Vogt, ...]

• Computed EEC jet functions at NNLO e.g.

j
g
2 = n2

f

(
−

8

15
ζ2 +

2344

1125

)
+ CF nf

(
4ζ3 +

14

5
ζ2 −

1528667

108000

)
+ CAnf

(
44

5
ζ3 −

127

25
ζ2 +

68111303

1620000

)
+ C2

A

(
76ζ4 −

1054

5
ζ3 −

2159

75
ζ2 +

133639871

810000

)
z⌃(z) =

↵s

4⇡

3CF

2

+
⇣↵s

4⇡

⌘2
"
CACF

✓
�50⇣2
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35366
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F
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• Control of 1
z , log z

z , log2 z
z

at three loops, plus
tower of logarithms.

• First substructure
observable known at this
order.
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NNLL+NLO Results

• Resummed results at NNLL+NLO:

• Distribution depends very sensitively on quark vs gluon!

• A fun example: For an adjoint gluino in N = 1, there is no LL
z

σ0

dΣN=1
NLL

dz
=

3

2
CA
αs

4π
+

(
−4ζ3 +

1417

72

)
C2
A

(
αs

4π

)2
+

(12ζ2 − 11)C2
A

(
αs
4π

)2

(1 + 3CA
αs
4π

ln z)

Gluon Jets (From Higgs) Quark Jets (From e+e−)

• Sufficiently sensitive to collinear structure to have a qualitatively
different LL structure for gluino (CA) and gluons (CA)!
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EEC for Jet Substructure

• The EEC is a true collinear observable. It has a number of interesting
properties for jet substructure:

• It is single logarithmic.

• Grooming does not modify the EEC.
It is already groomed! =⇒ Massive simplification for calculations.

• It is a very sensitive probe of initiating parton (e.g. quark vs. gluon).
Beyond CA vs. CF Casimir scaling.

• It connects with some of the most well computed QCD quantities
(twist-2 anom. dims.) =⇒ extension to NNNLL in progress.
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The Three Point Correlator

[Chen, Dixon, Luo, IM, Yang, Zhang, Zhu]
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Three Point Correlators

• Jet Substructure calculations have primarily focused on two-particle
type correlations (e.g. mass).

• Higher point correlators encode more interesting information about
the internal structure of jets.

• The three point correlator is a function of two cross ratios, r1, r2:

• Overall scaling with size of triangle determined by twist 2 spin 4
anomalous dimension.

See Jesse Thaler’s Talk
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Triangles, Symmetries and Functions

• Parametrize unit triangle using a complex variable z:

• Rigid analytic structure due to physical constraints:

OPE (Squeezed) Limit Vanishing Monodromies

• Lorentz group acts on celestial sphere as SL(2,C) =⇒ result
transforms as a conformal primary.
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Jet Substructure and Hyperbolic Tetrahedra

• Result has an elegant interpretation: (Up to a few terms required to
ensure behavior in limits) It is proportional to the volume in H3 with
points on the S2 boundary (celestial sphere) at (0, 1, z ,∞)

• Scale dependence of volume governed by twist-2 anomalous
dimensions =⇒ beautiful geometric picture of jet substructure!

• Remarkable (unexplored) hidden simplicity in the substructure of jets
hints extension to higher points possible.

Lorentz Group acts
on S2 as SL(2,C)

[Dirac]
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Multi-Particle Correlations

• Multi-particle correlations under analytic control!

• Would be fascinating to measure.

• Interesting as a probe of parton shower beyond 1→ 2 splittings.

Three Point Correlator Gluon Jet

z

|1− z |2 dσ
dz
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Extending Resummation Beyond Leading Power

[IM, Stewart, Vita, Zhu]
[See also: Beneke et al., Magnea, Laenen et al.]

QCD@LHC 2019 July 16, 2019 34 / 42



Power Corrections for Event Shapes

• “Standard” factorization describes only leading term in τ → 0 limit.

• More generally, can consider expanding an observable in τ

dσ

dτ
=
∞∑

n=0

(αs

π

)n 2n−1∑

m=0

c
(0)
nm

(
logm τ

τ

)

+

+
∞∑

n=1

(αs

π

)n 2n−1∑

m=0

c
(2)
nm logm τ

+
∞∑

n=1

(αs

π

)n 2n−1∑

m=0

c
(4)
nm τ logm τ + · · ·

=
dσ(0)

dτ
+

dσ(2)

dτ
+

dσ(4)

dτ
+ · · ·

Leading Power (LP)

Next to LP (NLP)

• Open problem in QFT how to systematically describe corrections.

• Use Renormalization Group techniques to understand structure.
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An Immediate Practical Application

• Jet observables can be used to resolve singularities for fixed order
calculations of cross sections:

Analytic NNLO calculation
in singular limit

Numerical NLO calculation
in resolved limit

σ(X ) =

∫
0

dTN dσ(X )

dTN
=

T cut
N∫

0

dTN dσ(X )

dTN
+

∫
T cut
N

dTN dσ(X )

dTN

• If dσ(X )
dTN can be computed as a power series, then this can enable

efficient NNLO calculations for hadronic final states.
See talk by Markus Ebert
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Gauge Invariant Factorization

• Wilson lines are no longer sufficient at subleading powers.

• Can derive a complete basis of non-local gauge invariant operators
which can decorate Wilson lines.

[Y
(r) †
ni iD

(r)µ
us Y

(r)
ni ] ≡ T a

(r)gB
aµ
us(i), Y †niqus ≡ ψus(i)

• Objects of interest are matrix elements Wilson lines decorated with
non-local Baµus(i) and ψus(i) fields.

[IM, Stewart, Vita, Zhu]
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Factorization at Subleading Power

• This basis of operators allows factorization to be extended to any
power in the soft and collinear expansion.

• Unlike at leading power functions are in general tied by a convolution
along light cone directions:

• At tree level reproduces standard Low-Burnett-Kroll (LBK) theorem.

• Power suppressed logarithms associated with the LBK operator can
be resummed by renormalization group evolution.

tr〈0|YT
n̄ (x)Yn(x)n̄ · B(n)(x)δ(τ − τ̂)YT

n (0)Yn̄(0)|0〉 =

∫
d4r

(2π)4
e−ir·xSLBK (τ, r)

[IM, Stewart, Vita, Zhu]
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Renormalization of LBK Operator

• Renormalization of the LBK operator involves mixing into a new
Wilson line operator:

• Leads to a 2× 2 evolution equation.

Sθ(τ, µ) = tr〈0|YT
n̄ (0)Yn(0)θ(τ − τ̂)YT

n (0)Yn̄(0)|0〉

µ
d

dµ

(
SLBK
Sθ

)
=

(
γLBK→LBK γLBK→θ

0 γθ→θ

)(
SLBK
Sθ

)

• Remarkably, the leading logarithms associated with the LBK operator
exponentiate!

SLBK (τ, µ) = θ(τ)γLBK→θ log
(µ
τ

)
e

1
2
αs
4π

Γg
cusp log2(µτ )

[IM, Stewart, Vita, Zhu]

Factorization at Subleading Power

• This basis of operators allows factorization to be extended to any
power in the soft and collinear expansion.

• Unlike at leading power functions are in general tied by a convolution
along light cone directions:

• At tree level reproduces standard Low-Burnett-Kroll (LBK) theorem.

• Power suppressed logarithms associated with the LBK operator can
be resummed by renormalization group evolution.

trh0|YT
n̄ (x)Yn(x)n̄ · B(n)(x)�(⌧ � ⌧̂)YT

n (0)Yn̄(0)|0i =

Z
d4r

(2⇡)4
e�ir·xSLBK (⌧, r)

[Moult, Stewart, Vita, Zhu]
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Subleading Power Resummation for Beam Thrust

• Allows for the resummation of power suppressed logarithms for
hadron collider event shapes.

• e.g. Resummation for power suppressed contribrutions to beam
thrust, τ0 in gg → H :

dσ
(2)
LL

dQ2dY dτ0
=σ̂LO(Q)

(αs

4π

)
4CAθ(τ0) log(τ0)e−

αs
4π

4CA log2(τ0)

·
[

2fg (x1) fg (x2)−x1f
′
g (x1) fg (x2)− fg (x1)x2f

′
g (x2)

]

• Beyond Leading Power, derivatives of the PDFs enter.

• Immediately predicts power suppressed terms for subtractions.

• Greatly extends scope of resummation based techniques beyond
leading power, but much work to be done on general understanding of
resummation at subleading powers.

[IM, Schunk, Stewart, Tackmann, Vita, Zhu]
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Summary

• Simplicity of TEEC Allows Hadron
Collider Dijet Event Shapes at NNNLL

• Jet Substructure Exhibits Remarkable
Unexplored Simplicity

• Simplicity in Singular Limits Persists
Beyond Leading Power

A
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Thanks!
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